This paper concerns with a regularity criterion of solutions to the 2D dissipative quasi-geostrophic equations. Based on a logarithmic Sobolev inequality in Besov spaces, the absence of singularities of θ in [0, T ] is derived for θ a solution on the interval [0, T ) satisfying the condition
Introduction
We consider the following 2D critical and super-critical dissipative quasi-geostrophic equa- Here θ(x, t) is a scalar function representing temperature, u(x, t) is the velocity field of fluid with div u = 0. k > 0 is the dissipative coefficient, the gradient ∇ = (∂ x 1 , ∂ x 2 ), Λ α = (− ) α 2 and ∇ ⊥ = (−∂ x 2 , ∂ x 1 ). R ⊥ θ = (−R 2 θ, R 1 θ) with R j , j = 1, 2, for the 2D Riesz transform defined by (see, e.g., [11] ) R j (θ )(x, t) = 1 2π P .V .
(x j − y j )θ (y, t) |x − y| 3 dy.
The system of quasi-geostrophic equations is an important model in geophysical fluid dynamics. Equation (1.1) is derived from the quasi-geostrophic approximation of an atmospheric and oceanic fluid motion model with small Rossby number. It arises under the assumptions of fast rotation, uniform stratification and uniform potential vorticity. For more details on its physical background, one may refer to Constantin, Majda and Tabak [3] , Majda and Tabak [8] , Pedlosky [9] and references therein.
When α = 1, Eq. (1.1) shares similar features with the three-dimensional Navier-Stokes equations. Thus α = 1 is therefore referred as the critical case. For the well-posedness and global existence of small solutions in the sub-critical case (α > 1) and the super-critical case (0 < α < 1), one may consult with Chae and Lee [2] , Constantin and Wu [4] , Ju [5] , Wu [13] and references therein.
However, the question of global regularity or finite time singularity for the critical and supercritical case (0 < α 1) with large initial data is still a challenging open problem. The first regularity result in the literature of (1.1) (see Constantin, Majda and Tabak [3] ) shows the absence of singularities of θ in the interval
Recently, similar to the Serrin's regularity criterion on the three-dimensional Navier-Stokes equations (see [10] ), an interest result was derived by Chae [1] showing the absence of singularities of θ in [0, T ] for θ a solution in the interval [0, T ) and satisfying the condition
This result is based on the symmetry of (1.1) and the L r t (L p x )-invariance under the scaling transformation
The purpose of this paper is to extend the regularity criterions on the Lebesgue spaces to Besov spaces (see their definitions in Section 2) in the following form. 
It is readily seen that (1.2) and (1.3) are extended by (1.4) in the extremal case p = ∞ and the regularity class in the Lebesgue space L p (R 2 ) is extended to that of the Besov spaceḂ 0 p,∞ (R 2 ). In particular, we note that
where BMO(R 2 ) is the space of the bounded mean oscillations defined by
Thus the conclusion of Theorem 1.1 remains true if (1.4) is replaced by the condition
Homogeneous Besov spaces and inequalities
We adopt usual notations in our analysis. A saturated logarithmic function log + is defined as log + t = log t, t > e, 1, e t > 0.
In order to define the Besov space, we first recall the Littlewood-Paley decomposition (see [11] ). Let S(R 2 ) be the Schwartz class of rapidly decreasing functions. For f ∈ S(R 2 ), its Fourier transformationf is defined bŷ
Choose a nonnegative radial function φ ∈ S(R 2 ) such that
and let
for j ∈ Z. The Littlewood-Paley projection operator j is defined by 
is the space of all tempered distributions on R 2 and P(R 2 ) is the set of all scalar polynomials defined on R 2 . It is of interest to note that the homogeneous Besov spaceḂ s 2,2 (R 2 ) is equivalent to the homogeneous Sobolev spaceḢ s (R 2 ) and the Riesz transform R ⊥ = ∇(− )
is bounded in the spaceḂ s p,q (R 2 ) (see [11] ). For more detail properties of the Besov spaces, one may refer to [12] . Now we recall some important inequalities which will be employed in the proof of Theorem 1.1 in Section 3. The following bilinear commutation estimates are due to Kato and Ponce [6] . [6] ) Assume that 1 < p < ∞, 1 s k and f, g ∈ W k,p (R 2 ).
Lemma 2.1. (Kato and Ponce

Then we have
where
The generalization of the critical logarithmic Sobolev inequality has been obtained recently by Kozono et al. [7] as follows.
Lemma 2.2. (Kozono et al. [7])
Then for f ∈Ḃ
As stated in [7] , the assumption 
Proof of Theorem 1.1
The approach of the proof is developed from Kozono et al. [7] . Applying ∂ 2+α
x j with α 0 to both sides of the first equation of (1.1), multiplying the resultant equation by ∂ 2+α x j θ and then integrating over R 2 , we obtain that, after suitable integration by parts,
due to the divergence free condition of u, the right-hand side of (3.1) becomes
Applying Lemma 2.1 to the right-hand side of this inequality by choosing
we have
by the bound ∇θ 
Collecting terms, we have
Applying Lemma 2.2 to ∇θ(t) rḂ
we have 
